ABSTRACT. A method for deforming C*-algebras is introduced, which applies to C*-algebras that can be described as the cross-sectional C*-algebra of a Fell bundle. Several well known examples of non-commutative algebras, usually obtained by deforming commutative ones by various methods, are shown to fit our unified perspective of deformation via Fell bundles. Examples are the non-commutative spheres of Matsumoto, the non-commutative lens spaces of Matsumoto and Tomiyama, and the quantum Heisenberg manifolds of Rieffel. In a special case, in which the deformation arises as a result of an action of R 2d , assumed to be periodic in the first d variables, we show that we get a strict deformation quantization.
2. The Deformation. Let G be a locally compact topological group and let B = {B t } t∈G be a C * -algebraic bundle over G. The reader is referred to [8] for a comprehensive treatment of the basic theory of C * -algebraic bundles. These objects have recently been referred to as "Fell bundles", a terminology we have chosen to adopt. In what follows, we shall identify B with the total bundle space t∈G B t .
Let D = {D t } t∈G be another Fell bundle over G. In the spirit of [8, VIII.3.3 ] , a map ψ from B to D is called a homomorphism if i) ψ is continuous, ii) ψ(B t ) ⊆ D t , for all t in G, iii) ψ is linear on each B t , iv) ψ(ab) = ψ(a)ψ(b), for all a, b in B, and v) ψ(a * ) = ψ(a) * , for all a in B.
Let ψ be a homomorphism from B to D. Since ψ restricts to a *-homomorphism between the C * -algebras B e and D e (e being the unit group element), it is contractive there. Also, for each b t in B t we have ψ(b t ) 2 = ψ(b so that ψ is in fact norm-contractive on B. If ψ is bijective, then ψ −1 is continuous as well [8, II.13.17 ] , so it is also a homomorphism, and ψ is isometric. In this case we say that ψ is an isomorphism (an automorphism of B, when D = B). . Given another locally compact topological group H, an action of H on B, is a group homomorphism θ : H →Aut(B). The action θ is said to be continuous if the map (x, b) ∈ H × B −→ θ x (b) ∈ B is jointly continuous.
Let us now suppose we are given a Fell bundle B = {B t } t∈G over the locally compact group G, as well as a continuous action θ of the same group G on B. We wish to construct a new product on B, denoted ×, and a new involution, called , providing a "deformed" bundle structure. In order to do so, define for a t in B t and b s in B s , a t × b s = a t θ t (b s ), and a t = θ −1 t (a * t ). 2.1. Proposition. If B keeps its linear, topological and norm structure, but is given the deformed operations × and , then it is a Fell bundle.
Proof. To check that the new multiplication operation is continuous, we shall use [8, VIII.2.4 ] . That is, given continuous sections β and γ of B, we must show that the map (r, s) ∈ G × G −→ β(r) × γ(s) ∈ B is continuous. Now, we have β(r) × γ(s) = β(r)θ r (γ(s)), which is continuous by the continuity of θ and of the original multiplication. A similar argument shows that the deformed involution is continuous.
Let us now verify the associativity of ×. Given a r in B r , b s in B s , and c t in B t we have (a r × b s ) × c t = (a r θ r (b s )) × c t = a r θ r (b s )θ rs (c t ) = = a r θ r (b s θ s (c t )) = a r × (b s θ s (c t )) = a r × (b s × c t ).
As for the anti-multiplicativity of the involution, let a r ∈ B r and b s ∈ B s . Then The verification of the remaining axioms is routine.
2.2. Definition. The bundle constructed above, denoted by B θ , will be called the θ-deformation of B.
Recall that a Fell bundle is said to be saturated [8,VIII.2.8 ] if B rs = B r B s (closed linear span) for all r, s. In the special case that G is equipped with a "length" function | · | : G → R + satisfying |e| = 0, and the triangular inequality |rs| ≤ |r| + |s|, then we say that B is semi-saturated (see [6,4.1, 4.8 ] , [7,6.2 ] ), if B rs = B r B s , whenever r, s ∈ G are such that |rs| = |r| + |s|.
Proposition.
If B is saturated (resp. semi-saturated) then so is B θ .
Proof. It is enough to observe that B r × B s = B r θ r (B s ) = B r B s .
Continuous fields arising from deformations.
The purpose of this section is to show that the collection of deformed algebras, originated from a continuous family of group actions on a Fell bundle, gives rise to a continuous field of C * -algebras. We first establish some facts on Fell bundles over discrete groups that will enable us to extend the techniques in [15] to discuss upper semicontinuity. Let B and D be fell bundles over a discrete group G, and let Φ : D → B be a Fell bundle homomorphism. Since Φ is contractive, one can define
, and x ∈ G. It is easily checked that Φ 1 is a * -algebra homomorphism, so it gives rise to a C * -algebra homomorphismΦ :
is said to be exact if so are the sequences
Proof. 
) denote the projection onto the x th spectral subspace of D (resp. B). Then P B xΠ = ΠP D x , since the equality holds when restricted to
Back to the setting of the previous section, we consider a C * -algebra B that can be viewed as the cross-sectional C * -algebra of a Fell bundle B over a discrete group G whose x th fiber we denote by B x . At this point we are ready to get a deformed version of B by means of an action θ of G.
Notice that the algebra B θ contains as a dense * -subalgebra the set x∈G B x of compactly supported cross-sections. Although the * -algebra structure of x∈G B x depends on θ, its vector space structure does not.
Our purpose is to produce a continuous field of C * -algebras, given a family {θh} of actions of G on B. The crucial point is to show that the maph → φ h is continuous for any φ ∈ x∈G B x , where φ h denotes the norm of φ as an element of C * (B θh ).
Notation.
In the context above, let I ⊂ R be an open interval containing 0 and, for eachh ∈ I, let θh be an action of G on the Fell bundle B such that θ 0 is the identity, and that the maph → θh x (b) is continuous for any fixed x ∈ G, b ∈ B. We denote the bundle B θh by Bh, and by ×h, h its product and involution, respectively. The norm in C * (Bh) is denoted by h . 3.3. Proposition. The maph → φ h is upper semicontinuous on I for all φ ∈ x∈G B x .
Proof. The proof follows the lines of [15] . Let D be the Fell bundle over G whose x th fiber is the Banach space D x = C 0 (I, B x ), with multiplication and involution given by
For eachh ∈ I consider the Fell bundle homomorphism Πh : D → B, given by Πh(f ) = f (h). Since Πh is onto for anyh ∈ I we get, as in Lemma 3.1, the exact sequence
where Eh is the Fell bundle whose x th fiber is Eh x = kerΠh x , with the structure inherited from D, andĩh denotes inclusion.
In order to apply [15,1.2 ], we next consider C 0 (I) as a C * -subalgebra of the algebra of multipliers of D e , in the obvious way, so we can view it ([8,VIII, 3.8 ]) as a central C * -subalgebra of the multiplier algebra of C * (D). Let Jh = {f ∈ C 0 (I) : f (h) = 0}. It only remains to show that C * (Eh) = C * (D)Jh. For then, by [15,1.2 ], we will have thath → Πh (φ) is upper semicontinuous for all φ ∈ C * (D). This implies that h → ψ h is upper semicontinuous for any ψ ∈ x∈G B x . Now, it is apparent that φj ∈ L 1 (E) for j ∈ Jh, and φ ∈ L 1 (D), which shows that C * (D)Jh ⊂ C * (Eh). On the other hand, if {e λ } is a bounded approximate identity for Jh, then lim λ φe λ = φ for all φ ∈ C * (Eh): It suffices to show it for compactly supported maps φ, since {e λ } is assumed to be bounded. Notice that the statement holds for φ = f δ e , with f ∈ Eh e , because Eh e ∼ = B e ⊗ Jh. Now, if φ = f x δ x for some f x ∈ Eh x , we have
which goes to zero because φ * φ ∈ Eh e . This shows that C * (D)Jh ⊃ C * (Eh).
Proposition.
If G is also amenable, then the maph → φ h is lower semicontinuous on I for all φ ∈ x∈G B x .
Proof. Since G is amenable, the left regular representation Λh of C * (Bh) is faithful ( [7,2.3 and 4.7 ] ), so it suffices to show thath → Λh φ is lower semicontinuous for φ ∈ x∈G B x .
As in [7] , forh ∈ I we denote by L 2 (Bh) the completion of C c (Bh) with its obvious right pre-Hilbert module structure over Bh e , which yields the norm
for any ξ ∈ x∈G B x , the undecorated involution and multiplication denoting those in B 0 .
The left regular representation Λh of φ ∈ x∈G B x is the adjointable operator given by:
Notice that the sum above is finite, since both φ and ξ are compactly supported. Besides, each term of the sum is continuous onh, soh → Λh φ ξ h is continuous. Now fix φ ∈ x∈G B x , > 0, andh 0 ∈ I. Then ξ 0 ∈ C c (Bh 0 ) can be found so that x 0 = 1 and Λh
satisfying that inequality for 2 , with ξ = 1. Then, given {ξ n } ⊂ x∈G B x such that lim ξ n = ξ, the sequence { 1 ξn ξ n } also converges to ξ. So one can take ξ 0 ∈ x∈G B x , such that ξ 0 = 1 and
as required. It now follows that, forh close enough toh 0 ,
We summarize the previous results in the following theorem.
3.5. Theorem. Let B be a Fell bundle over a discrete amenable group G, and let B = C * (B). If {θh :h ∈ I} and Bh are as in 3.2, then {C * (Bh), Λ} is a continuos field of C * -algebras, such that C * (B 0 ) = B, where Λ is the family of cross-sections obtained, as in [4,10.2.3 ] , out of C c (Bh).
Discrete abelian groups.
We would now like to describe a method for producing examples of the above situation. To reduce the technical difficulties to a minimum we will consider here exclusively the case of discrete abelian groups. Several interesting examples, however, will fit this context. Fix, throughout this section, a discrete abelian group G, and let G be its dual, so that G is a compact abelian group. We shall denote the duality between G and G by (x, t) ∈ G × G −→ x, t ∈ S 1 .
Let B be a C * -algebra carrying a continuous action γ of G. For each t in G, the t-spectral subspace of B is defined by B t = {b ∈ B : γ x (b) = x, t b, for all x ∈ G}.
It is easy to check that each B t is a closed linear subspace of B, that B r B s ⊆ B rs , and that B * t = B t −1 . By imitating [6,2.5 ] one can show that B coincides with the closure of t∈G B t (we use the symbol to denote the algebraic direct sum, that is, the set of finite sums) and that the formula
defines a contractive projection P t , from B onto B t , where the integral is taken with respect to normalized Haar measure on G. If e denotes the unit of G, then P e is in fact a positive conditional expectation onto B e . The collection B = {B t } t∈G therefore constitutes a Fell bundle over G. Since abelian groups are amenable we conclude, from [7,4.7 ] in combination with [7,4.2 ] , that B is isomorphic to both the full and the reduced cross-sectional C * -algebra of B ([8,VIII.17.2 ], [7,2.3 ] ). Now suppose that, in addition to the action γ above, we are given an action θ of G on B which commutes with γ, in the sense that each γ x commutes with each θ t . It then follows that θ s (B t ) ⊆ B t for each t, s in G, so that θ defines an action of G on the Fell bundle B. This can in turn be fed to the construction described in section 2, providing the θ-deformed bundle B θ , and its cross-sectional C * -algebra.
4.1. Definition. Given commuting actions γ and θ, respectively of G and G, on the C * -algebra B, the cross-sectional C * -algebra of B θ will be denoted B θ γ .
Notice that, if θ is the trivial action, then B θ = B, so B θ γ = B. Likewise, if γ is trivial then B t = {0}, for all t, except for B e which is all of B and, again B θ γ = B. However, if neither group acts trivially, then the algebraic structure of B may suffer a significant transformation as it will become apparent after we discuss a few examples.
Definition.
A deformation data for a C * -algebra B consists of a triple (G, γ, θ), where G is a discrete abelian group, and γ and θ are commuting actions, respectively of G and G, on B. The action γ will be called the gauge action while θ will be referred to as the deforming action.
Unless otherwise noted, the Fell bundle B = {B t } t∈G , in the context of a deformation data (G, γ, θ) for a C * -algebra B, refers to the spectral decomposition for the gauge action, as above.
Remark.
Observe that B θ γ , being the cross-sectional C * -algebra of B θ , contains the algebraic direct sum t∈G B t as a dense *-sub-algebra. Now, the set t∈G B t itself, as well as its linear structure, and the norm on each fiber, depends exclusively on the gauge action. However, its involution and multiplication operations are strongly dependent on the deforming action. Also, since the fibers of B θ embed isometrically into its cross-sectional C * -algebra, we see that the norm of an element belonging to a fiber remains unaffected by the deformation. However, there is not much we can say about the norm of other elements in t∈G B t . Summarizing, in case we are given several deformation data sharing the same gauge action, it will be convenient to think of the deformed algebras as completions of t∈G B t under different norms and with different algebraic operations.
Proposition.
Let (G, γ, θ) be a deformation data for a C * -algebra B. Suppose B carries a third continuous action α, this time of a locally compact group H, which commutes both with γ and θ. Then there exists a continuous actionα of H on B θ γ which coincides with α on t∈G B t .
Proof. Since α commutes with the gauge action, each spectral subspace B t is invariant by α h , for each h ∈ H. So α h can be thought of as an automorphism of the Fell bundle B. We claim it is also automorphic for the deformed structure. In fact, if b t ∈ B t and b s ∈ B s then
Thus α h extends to an automorphism of B θ γ . The remaining verifications are left to the reader.
Notice that, in particular, one can take the action α above to be the gauge action itself, so one can speak of the "deformed gauge action'γ. Proof. Observe that, sinceα andγ coincide with α and γ, respectively, on t∈G B t , then they commute. This implies that the fixed point sub-algebra A forα is invariant underγ. It follows from 4.5, that the spectral decomposition of the restriction ofγ to A is t∈G B t ∩ A. Now, since α andα agree on each B t ,
Proposition
where we have denoted by B 0 t the t-spectral subspace of B 0 under γ 0 . It is now easy to see that the Fell bundle structure arising from the grading {B t ∩ A} t∈G of A, and that of the grading of the deformed algebra 5. The derivative of the deformed product. Let B be a C * -algebra carrying a strongly continuous action φ of R 2d . For each j = 1, . . . , 2d, define the differential operator ∂ uj on B by
where the λ in (0, . . . , λ, . . . , 0) appears in the j th position. Of course ∂ uj (f ) is only defined when f is sufficiently smooth. In particular this is the case for the φ-smooth elements, that is, those elements f ∈ B such that u ∈ R 2d −→ φ u (f ) ∈ B is an infinitely differentiable Banach space valued function. It is well known that these elements form a dense subset of B (see, e.g, [3,2. 2.1 ]) .
In what follows we shall adopt the coordinate system (x 1 , . . . , x d , y 1 , . . . , y d ) on R 2d and hence we shall speak of the differential operators ∂ xj and ∂ yj , for j = 1, . . . , d.
In [17] (see also [18] ) Rieffel showed how to construct a strict deformation quantization of B "in the direction" of the Poisson bracket {·, ·} defined by
when B is the algebra of continuous functions on a smooth manifold. Rieffel deals, in fact, with a more general situation, where the Poisson bracket involves the choice of a skew-symmetric matrix J.
In order to describe a connection between Rieffel's theory and ours, we next compute the derivative of the deformed product on B, arising from a certain deformation data associated to φ.
Let γ be the action of R d given by the restriction of φ to its first d variables, that is
The technical complications will be kept to a minimum by assuming that φ is periodic in the first d variables, so that γ defines an action of the torus T d on B, which we still denote by γ. On the other hand, consider the action θ of R d on B defined by
Ifh is a real number, we will let the action θh of Z d on B be defined by
Since γ and θh commute, the triple (Z d , γ, θh) is a deformation data for B. Let B = {B t } t∈G be the Fell bundle arising from the spectral decomposition of γ. We denote the operations on the deformed bundle B θh by ×h and h , and the deformed algebra B θh γ by B (h) .
Proposition.
If f is φ-smooth then P t (f ) is also φ-smooth for all t in Z d . In addition, for j = 1, . . . , 2d, we have ∂ uj (P t (f )) = P t (∂ uj (f )), and therefore each B t is invariant under ∂ uj .
Proof. For u ∈ R 2d we have
which is therefore smooth as a function of u. This shows that P t (f ) is φ-smooth. We have
Lemma.
Let t = (t 1 , . . . , t d ) and s = (s 1 , . . . , s d ) be in Z d and take f ∈ B t and g ∈ B s . Suppose that g is smooth for θ. Then, for all real numbersh
Proof. Notice that the term whose norm appears in the left hand side above lies in B t+s , which is isometrically embedded into each B (h) , so its norm is unambiguously defined. We have
Its first two derivatives are given by
and
for allh in R. The first order Taylor expansion for F reads
from where we conclude that
where I is either [0,h] or [h, 0], depending on the sign ofh. In terms of g, we get
Using the first equation obtained in this proof gives
On the other hand, recall that f is in the t-spectral subspace of the gauge action. This means that, for
If follows that ∂ xj (f ) = 2πit j f , and hence that t j f = (2πi) −1 ∂ xj (f ), which, when plugged into the last inequality above, leads to the conclusion.
The purpose of this Lemma is to allow us to compute the derivative of f ×h g, with respect toh. However, the expression f ×h g, applies only for f and g belonging, each, to a spectral subspace of the gauge action. The question we want to address is: 5.3. Question. What is the biggest subset of B that can be mapped, in a natural way, into each deformed algebra B (h) ?
The remark made in 4.3 provides t∈Z d B t as a partial answer. Now, since B (h) contains a copy of the L 1 cross-sectional algebra L 1 (B) which, again by 4.3, does not depend onh, as far as its normed linear space structure is concerned, L 1 (B) is a better answer to our question.
We do not claim, however, that this is the best possible answer. In fact, the word natural in 5.3 lacks a precise meaning, as it stands. The correct way to rephrase 5.3 could possibly be: An advantage of L 1 (B) is that it includes the smooth elements for the gauge action: it is a well known fact that, for such an element f , one has that f = t∈Z d P t (f ), where the series is absolutely convergent.
5.5. Theorem. Let f, g ∈ B be φ-smooth elements. Then
where · h refers to the norm of the deformed algebra B (h) .
Proof. First notice that the terms appearing between the double bars above can be viewed as elements of B (h) . This is because the smooth elements f , g, f g, and ∂ xj (f )∂ yj (g), may be seen as elements of L 1 (B), which, in turn, may be interpreted as a subset of B (h) , according to the comment above. Write f = t∈Z d P t (f ) and g = t∈Z d P t (g). For each j = 1, . . . , 2d we have that ∂ uj (f ) is also smooth, hence it "Fourier series" converges:
and similarly for g. So,
Also
Using 5.2, it follows that
By our hypothesis, these infinite series converge, and hence the whole thing tends to zero ash → 0.
Our next result shows that the derivative of the commutator, for the deformed product, is given by the Poisson bracket described at the beginning of this section. Its proof is an immediate consequence of 5.5.
5.6. Corollary. Let f, g ∈ B be smooth elements for φ. Then
where [·, ·] is the commutator for the original multiplication on B, and {·, ·} is the Poisson bracket defined near the beginning of this section.
Since the family {θh}h ∈R is obviously continuous in the sense of section 3, we get, by 3.5, a continuous field of C * -algebras {B (h) }h ∈R , and hence a strict deformation quantization in the sense of Rieffel [16,Definition 1.1 ], with the modification, required in the noncommutative situation, corresponding to the introduction of the term [f, g] in the statement of 5.6. We have thus shown:
Corollary. The family {B
(h) }h ∈R gives a strict deformation quantization for B, in the direction of the Poisson bracket defined above.
6. Example: Non commutative 3-spheres. In [10] Matsumoto defined a family of C * -algebras, denoted S 3 ϑ , depending on a real parameter ϑ. This family is a deformation of the commutative C * -algebra C(S 3 ) of all continuous complex valued functions on the 3-sphere S 3 , because, when ϑ = 0, S 3 ϑ is isomorphic to C(S 3 ). The purpose of the present section is to show that S 3 ϑ can be constructed from a certain deformation data for the algebra C(S 3 ). Recall from [10] that S 3 ϑ may be defined as the universal C * -algebra given by generators and relations as follows: for generators take symbols S and T and for relations consider M-1)
An alternative description of S 
The relationship between these presentations is given by the formulas
, where z, w, λ ∈ C satisfy |z| 2 + |w| 2 = 1 and |λ| = 1.
Also, fixing a real number ϑ, define an action θ of Z on S 3 by θ n (z, w) = (e 2πinϑ z, w), for (z, w) ∈ S 3 , n ∈ Z. These give actions of S 1 and Z on C(S 3 ) by letting
= f (λz, λw), and θ n (f )
for f ∈ C(S 3 ), (z, w) ∈ S 3 , λ ∈ S 1 and n ∈ Z. Noting that γ and θ commute with each other, we see that we are facing a deformation data (Z, γ, θ) for the algebra C(S 3 ).
Theorem. The deformed algebra C(S 3 )
θ γ is isomorphic to Matsumoto's algebra S 3 ϑ . Proof. Let Z, W ∈ C(S 3 ) be the functions defined by Z(z, w) = z, and W (z, w) = w, for (z, w) ∈ S 3 . Since γ λ (Z) = λZ and γ λ (W ) = λW , we have that both Z and W belong to the first spectral subspace for γ. Then, regarding the deformed product, we have
so that W × Z = e 2πiϑ Z × W. This says that Z and W satisfy (M-3'). It is easy to check that they also satisfy (M-1') and (M-2') with respect to the deformed product an involution. So, by the universal property, there exists a C * -algebra homomorphism
such that ψ(B) = Z and ψ(C) = W , which we claim to be an isomorphism.
To show that ψ is surjective observe that, since Z and W belong to the image of ψ, we just have to show that Z and W generate C(S 3 ) θ γ . We first show that the n-spectral subspace for the action γ on C(S 3 ) is linearly spanned by the set
In fact, any f ∈ C(S 3 ) may be arbitrarily approximated by a linear combination of terms of the form
. Now, if f belongs to the n-spectral subspace, then f = P n (f ), where P n is the corresponding spectral projection. On the other hand, if P n is applied to the linear combination just mentioned, all terms will vanish except for those for which i − j + k − l = n.
The fact that Z and W are also eigenvalues for θ implies that
for some complex number µ of modulus one. Therefore one concludes that each spectral subspace for the deformed gauge action is contained in the sub-algebra of C(S 3 ) θ γ generated by Z and W . This shows that Z and W generate C(S 3 ) θ γ and hence that ψ is surjective. We next show that ψ is injective. Consider the circle action on S . By using [6,2.9 ] , it is now enough to verify that ψ is injective on the fixed point sub-algebra of S 3 ϑ for α. Let us denote that sub-algebra by F . Recall that Matsumoto [11, Theorem 6 ] has shown that F is isomorphic to the commutative C * -algebra of functions on the two-sphere S 2 . More precisely, F turns out to be generated by the elements M and H of S 3 ϑ given by H = C * C and M = CB * . It is easy to see that these operators satisfy the relations
Matsumoto has, in fact, shown that F is the universal C * -algebra on generators H and M satisfying the above relations. Now, the images of H and M under ψ are
both of which lie in the fixed point sub-algebra, say B 0 , for the deformed gauge action on C(S 3 ) θ γ . The crucial point is that this algebra is not affected by the deformation, so B 0 is just the algebra of continuous functions on the quotient space S 3 /S 1 , which is homeomorphic to S 2 . An explicit homeomorphism between S 3 /S 1 and S 2 may be given by mapping the quotient class of (z, w) ∈ S 3 to the pair (h, m) ∈ R × C, defined by (h, m) = (ww, wz). It is elementary to check that (h, m) satisfies the equation
which is precisely the equation defining the sphere of radius 1 2 centered at (
(z, w) −→ (ww, wz)
can now be shown to provide a homeomorphism from S 3 /S 1 onto the above mentioned model for the 2-sphere. When a compact subset K of R × C is defined via a system of equations, such as the sphere above, it is well-known that C(K) is the universal C * -algebra generated by symbols h and m, subject to the conditions
to which one should add the equations used to define K. This implies that B 0 is the universal C * -algebra generated by a pair of elements (namely h = W * W and m = W Z * ) subject to the same relations as the ones defining F , that is 6.2.
Therefore one sees that ψ is an isomorphism between F and B 0 , hence injective. By [6,2.9 ] , it follows that ψ is injective everywhere and thus it is an isomorphism.
In order to discuss the derivative of the deformation of S 3 just described, let D 1 and D 2 denote the differential operators defined by
where × ϑ and · ϑ refer to the deformed multiplication and norm of S Proof. Let φ be the action of R 2 on S 3 defined by
As in section 5 we may use φ to obtain the deformation data (Z, γ, θh). However, one can easily see that this is precisely the deformation data used earlier in this section forh = ϑ. So 5.6 applies to the deformation S 3 ϑ . Notice that, since φ is a smooth action of R 2 on the compact manifold S 3 , then any smooth function on S 3 will be φ-smooth. Also, for f in C ∞ (S 3 ) we have, using the notation of section 5,
The Poisson bracket appearing in 5.6 then becomes
concluding the proof.
7. Example: Non commutative Lens spaces. Matsumoto and Tomiyama [12] , building on [10] , have introduced non-commutative versions of the classical lens spaces. This section is dedicated to proving that these can be described by using our method of deformation.
Recall that for nonzero co-prime integers p and q, with p = 0, the lens space L(p, q) is the quotient of the three-sphere S 3 by the action of the finite cyclic group Z p generated by the diffeomorphism τ (z, w) = (ρz, ρ q w), for (z, w) ∈ S 3 , where ρ = e 2πi/p . Observe that, if one induces τ to an automorphism of C(S 3 ) by the formula τ (f )
(z,w)
= f (ρz, ρ q w), for f ∈ C(S 3 ), (z, w) ∈ S 3 , then we have τ (Z) = ρZ and τ (W ) = ρ q W , where Z and W are the coordinate functions on S 3 (defined in the proof of 6.1). Since Z and W generate C(S 3 ), these equations actually define τ . In addition one sees that the fixed point sub-algebra of C(S 3 ) for τ coincides with the algebra of continuous functions on the quotient S 3 /Z p = L(p, q). Let ϑ be a real number, fixed throughout. Consider the automorphism σ of S 3 ϑ given by σ(B) = ρB and σ(C) = ρ q C, where B and C are as in the previous section. Among many other characterizations, the non-commutative lens space L ϑ (p, q) is defined in [12] to be the fixed point sub-algebra of S 3 ϑ under the automorphism σ.
Regarding the deformation data (Z, γ, θ) for the algebra C(S 3 ), defined shortly before 6.1, in terms of a given value for the parameter ϑ, observe that γ and θ commute with τ and hence both γ and θ leave invariant the fixed point sub-algebra for τ , which we have seen to be a model for C(L(p, q)). We still denote by γ and θ the corresponding restrictions of these to C(L(p, q)). So, this gives a deformation data for C(L(p, q)) and we may then form the deformed algebra C(L(p, q)) θ γ . 7.1. Theorem. For each real number ϑ and co-prime integers p and q, with p = 0, the C * -algebras C(L(p, q)) θ γ and L ϑ (p, q) are isomorphic. Proof. We shall derive this from 4.6. In fact, let the algebra B, mentioned in the statement of 4.6 be C(S 3 ) with the deformation data (Z, γ, θ) referred to above. Then, as we have seen in 6.1, C(S 3 ) θ γ is isomorphic to S But, since the isomorphism between C(S 3 ) θ γ and S 3 ϑ maps Z and W to B and C, respectively, we see thatτ and σ correspond to each other under this isomorphism. In particular, the fixed point sub-algebra for σ, that is, L ϑ (p, q), is isomorphic to the fixed point sub-algebra of C(S 3 ) θ γ underτ , which, by 4.6, is isomorphic to the deformed algebra C(L(p, q)) θ γ .
Theorem.
For every positive integer c, and real numbers µ and ν, we have that C(M c )
